
SEPTEMBER 1971 ENGINEERING NOTES 745

The deflection of the jet at the trailing edge is

and at infinity

airfoil theory, that

(4)

y*'(») = o (5)
The solution of Eqs. (1-5), Ref. (1), gives an expression for

the derivative of the jet shape of the form

where Ch is the jet momentum coefficient defined as the jet
momentum per unit span divided by the product of the wing
chord and freestream dynamic pressure. The lift coefficient
may be written

CLi = 7idCLl/dTi + a&Cit/dai (7)
where for 0 < Ch < 10 the following formulas for the lift de-
rivatives are applicable

= 20rCyl)1'2(l + 0.151<V2 + O.lSQCy1'2 (8)
dCVdai = 2ir(l + 0.151CV2 + 0.219C,-) (9)

Formulation of Similarity Rule

Following Ref. 2, consider the potential function $(£,17) of
a compressible flow in (£,77) coordinates having freestream
Mach number M and freestream velocity U"2. Choose <£ to
be related to </> by

<t>(x,y) = A(Ui/U^(^) (10)
M2)1/2 (11)

where A is a constant. Introducing Eqs. (10) and (11) into
Eq. (1) yields

d2<l>/d£2 + [1/(1 — M2)]d2$/di72 = 0 (12)

Hence $ is a solution corresponding to Mach number M.
The boundary conditions (2) and (3) yield

0

c < £ <

(13)

(14)

provided

- r2,
Cyi - BC3, (15)

It is shown below that B can be chosen so as to make the
bracketed term of Eq. (14) equal to the derivative of the jet
shape in the (£,17) plane. Thus, Eq. (14) becomes

c < £ < oo (16)

Equations (4) and (5) are similarly transformed.
The pressure coefficient of the incompressible solution may

be related to the pressure coefficient of the compressible solu-
tion by

CP = -
(17)

A normal momentum balance about the jet yields the follow-
ing relationship between the pressure discontinuity across the
jet and its radius of curvature

ACP = -cCj/R (18)

where R is the radius of curvature. Thus the radius of curva-
ture of the jet shapes in the two flow systems are related by

#2 = -cCyi/ACPl = -cCyiA/5ACPl = ARt/B (19)

It is easily demonstrated, within the approximations of thin-

*, I/ft = - (20)

Combine the two preceding expressions withEqs. (6, 15, and
19) to obtain

y/,'(8 = [B/d ~ M*yi*](azF(t,BC,) + nG&BCJ] (21)
Imposing the condition B = (1 — M2)112 verifies Eq. (16).
Owing to the homogeneity of the differential equations the
constant A remains arbitrary. The similarity law expressed
by Eqs. (15) and (17) may be written in the general form
CP/A = f [ a / A ( l - r/A(l -

Cy(l - M2)1/2] (22)
Choosing A = 1 the incompressible solution can be generalized
to a subsonic flow by replacing ozi, TI, and C^ appearing in the
incompressible expressions by a/ (I — M2)1/2, r/(l — M2)1/2,
and Cj(l - M2)1/2, respectively.
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Downwash Correction for a Two-
Dimensional Finite Wing

NATHAN NESS*
West Virginia University, Morgantown, W. Va.

AFINITE two-dimensional wing in a wind tunnel behaves
as a three-dimensional wing because of the downwash

induced by tip and wall vortices. For design work the true
two-dimensional flow over the wing section is desired and
much effort is usually expended in test programs to correct
for the downwash. In the discussion to follow it is demon-
strated that the true two-dimensional flow over the two-
dimensional finite wing can be found without the need to cor-
rect, experimentally, for the downwash provided the pressure
distribution over the section is known from test data.

As an illustration of the method consider the cambered
ellipse wing section shown in Fig. 1. Its wing span was 16.5
in. and it was tested in the West Virginia University subsonic
tunnel at a geometric angle of attack ag = 10° and a free-
stream velocity 7^ = 150 fps. The cambered ellipse section
had a thickness-chord ratio of 20%, a 5% camber, and a
chord c = 9 in.; 37 pressure taps were arranged around its
periphery at the wing midspan. Vectored blowing was intro-
duced at the blowing slot and the pressure distribution shown
by the open encircled points in Fig. 1 was obtained.1 This
test was part of a continuing program to study the feasibility
of obtaining high-lift devices by vectored blowing around
bluff-ended bodies.2-3

From the test data the normal sectional coefficient cn and
the chordwise sectional coefficient ch are obtained from the
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expressions:

Cn = (CPI - CPu)d d)

=/o'Na-°*G-f),K0 »ch

where cp = (p — P^/^pV^, the pressure coefficient; the
subscript ( )„ refers to the upper surface F > 0, the subscript
( ) i refers to the lower surface Y < 0, and £ is the distance
along the X axis from the leading edge.

By resolving cn and ch normal to the resultant velocity F,
the test lift coefficient is expressed by

(CZ) TEST = cn — Ch snae (3)

which contains the two unknowns ae and c\.
Another equation between ae and ci is obtained from

Theodorsen's method4 which provides a one-to-one relation
between each point (X,Y) on the airfoil section to each point
(a,$) on the circle (Fig. 1). Theodorsen's method also pro-
vides the equation for the velocity at each point on the air-
foil.4 For the present discussion the complete equation is not
required, but it is sufficient to note that the velocity at each
point on the airfoil Va(X,Y) is related to its corresponding
point (a,$) on the circle by

V*(X,Y) = F- —-
STTCI (4)t

The test data provides the point on the airfoil where cp =
+ 1. This is the forward stagnation point and the related
angle <f>stag on the circle is known from the Theodorsen trans-
formation.4 At the stagnation point Va = 0, therefore, Eq.
(4) provides for the theoretical lift coefficient

(CZ)THEORETICAL = - (8?ra/c) sin($stag - ae) (5)

Equating relations (3) and (5), the effective angle of attack
is calculated from

(8?ra/c) cos$>s (6)

The lift coefficient follows from either Eq. (3) or (5), the
induced angle of attack from on — ag — ae, and the resultant
velocity V from V = Vm seca*.

The present method was applied to the test points in Fig. 1
and gave ae = 6.98°, d = 2.362. The theoretical pressure

f A similar relation results from the Joukowski transformation;
however the function F is different for the two transformations.
For the cambered ellipse in Fig. 1 the Theodorsen transformation
is required.
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Fig. 1 Comparison of experimental data with theoretical
analysis.

distribution on the cambered ellipse (Fig. 1) for these values
of ae and ci was obtained by using Theodorsen's method to
calculate the velocity and Bernoulli's equation to calculate the
pressure. The theoretical curve follows the test points rather
closely except near the leading edge on the upper surface
which seems to indicate (because of the high geometric angle
of attack) a laminar separation bubble, and near the trailing
edge. In the latter region it is known that vectored blowing
affects the theoretical pressure distribution.1-2 However,
since the test ci and the theoretical ci are equal, the area under
the theoretical curve is equal to the area under the experi-
mental points in Fig. 1.

The method proposed herein applies to airfoil sections of
any shape with or without blowing (or suction) provided the
spanwise flow at the section where the experimental pressure
distribution is obtained is negligible. It is also assumed that
the contribution of the blowing (or suction) momentum to
the lift is negligible.
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